Abstract. In this paper we derive optimal a priori L ∞ (L 2 ) error estimates for mixed finite element displacement formulations of the acoustic wave equation. The computational complexity of this approach is equivalent to the traditional mixed finite element formulations of the second order hyperbolic equations in which the primary unknowns are pressure and the gradient of pressure. However, the displacement formulations with the physical variables of interest, displacement and pressure, requires less regularity on the displacement.
Introduction.
There is significant interest in simulating the effects of wave propagation in heterogeneous media to aid in the interpretation of field data and to predict the damage patterns due to earthquakes. Simulated waveform data (seismograms) computed for an assumed earth model are compared against the recorded data. If the match is unacceptable, the model is perturbed, and the simulation is redone and compared again. This procedure is implemented formally by global optimization techniques [19] resulting in a description of an earth model (with its associated uncertainties) that explains the observations. Thus there is a need for a fast and accurate simulation technique that can be used for real time analysis of seismograms.
In the past, wave simulation has been successfully modeled using finite difference methods [10, 13] , but these solutions have been expensive to compute. The use of structured finite differences in simulating earthquake responses in the Los Angeles Basin requires 35 billion grid points [3] , which emphasizes the need for unstructured meshes. The staggered grid approach described in [10] may be used to solve problems on the order of millions using a workstation, but memory optimization routines must be used and it is unclear that the method is easily parallelized.
Finite element discretization methods have the advantage of handling complex geometries and straightforward local discretization techniques using error indicators. It is also easy to incorporate free surface boundary conditions and nonmatching grids. In [13] , Marfurt concludes that finite element methods may be the most cost-effective way to simulate wave fields.
Previous attempts at wave simulation using finite elements have used continuous Galerkin methods [2, 3, 9, 13, 18] , discontinuous Galerkin methods [11, 17] , and mixed finite element methods [7, 8] . We propose mixed finite element displacement formulations for solving the acoustic wave equation, which are described below. These approximations can be defined for general meshes. u (·, 0) = u 0 in Ω, (1.4) u t (·, 0) = u 1 in Ω, (1.5) where u is the displacement, ρ is the density, andτ is the stress tensor given by the generalized Hooke's lawτ = λ(∇ · u)Ĩ + µ(∇u + (∇u) T ). Here λ > 0 and µ are the Lamé coefficients characterizing the material. We let f represent a general source term, and let u 0 and u 1 be the initial conditions on displacements and velocities, and we assume that f , u 0 , and u 1 are smooth enough so that there is a unique solution u ∈ C 2 ((0, T ) × Ω) to (1.1)-(1.5) [12] . The acoustic problem is the limiting case with µ = 0. In this case, (1.1) becomes
We assume that ρ and λ are bound above and below by the positive constants ρ 0 , ρ 1 , λ 0 , and λ 1 , respectively.
A standard approach in geophysics modeling is to solve a scalar wave equation. Here, since p = λ∇ · u, we have p tt = λ∇ · u tt . We substitute this expression into (1.6) to obtain
A priori error estimates for solving (1.7) with a constant λ were obtained by Cowsar, Dupont, and Wheeler [7, 8] . We propose an alternative mixed finite elements displacement formulation that requires less regularity on the displacement solution than the approach in [7, 8] . We describe this method in section 3. We derive the error estimates for the continuous-in-time problem in section 4. For the discrete-in-time problem, stability results and error estimates are obtained in section 5. In section 6 we present conclusions.
Preliminaries.
In this section we describe the notation used in this paper, we introduce the functional spaces, two projection operators and their approximation properties, and we recall Gronwall's inequality, which is needed in the error analysis.
Inner products and norms.
The L 2 inner product over Ω is defined as
The inner product over the boundary ∂Ω is denoted
Gronwall's inequality.
We recall Gronwall's inequality, which states that if y ≥ 0 satisfies y t ≤ ky(t) + h(t) for 0 ≤ t ≤ τ , where k ≥ 0 is a constant and
Functional spaces and projections.
We define the standard Sobolev spaces for mixed methods:
Let {E h } h>0 be a quasi-uniform family of finite element partitions of Ω, where h is the maximal element diameter. Let V h × W h be any of the usual mixed finite element approximating subspaces of V × W , that is, the Raviart-Thomas-Nedelec spaces [15, 16] , Brezzi-Douglas-Marini spaces [5] , or Brezzi-Douglas-Fortin-Marini spaces [4] . Each of these mixed spaces has a projection operator Π h :
where k is associated with the degree of the polynomial, and · s is the standard Sobolev norm on (
, then we also have
3. Model problem and scheme. We observe that ∇ · (λ(∇ · u)Ĩ) = ∇(λ∇ · u) so that (1.6) may be rewritten as
By introducing p = λ∇ · u, we present (3.1) in a mixed finite element form:
A similar approach for the linear elasticity problem has been presented by Brezzi and Fortin in [6] .
Let v ∈ V and w ∈ W . If we multiply (3.2) and (3.3) by v and w, respectively, and integrate over Ω we get the weak formulation
Clearly, if u, p satisfy (3.2) and (3.3), then u, p satisfy (3.4) and (3.5).
If we integrate by parts in (3.4) we get, for any v ∈ V ,
and the weak formulation becomes the following:
Note that in [7, 8] it is necessary that ∇p ∈ H (Ω, div) so that ∇ · u ∈ H 2 (Ω). Here, we require only that ∇ · u ∈ H Proof. Let χ = u a − u b and ψ = p a − p b . Then by subtracting the equations satisfied by these solutions we have
We differentiate (3.15) with respect to time:
We choose v = χ t and w = p. Thus (3.14) and (3.16) become
We add (3.17) and (3.16) so that
and thus
We integrate (3.20) with respect to time to obtain
where C 1 is a constant independent of time. As (3.21) holds for any t, it holds in particular for t = 0. We have from the initial data that
and therefore
However, we assume that both λ and ρ are bounded above and below away from 0. Hence we must have that
Now we consider χ t = 0. We integrate with respect to time and obtain
where C 2 is a constant independent of time. This holds for any t; in particular, it holds for t = 0. Again, we use the initial conditions and see that χ(0) = 0, and hence C 2 = 0. Thus χ = 0, which concludes the proof.
The mixed finite element approximation to (u(t), p(t)) for any t ≥ 0 is given by the functions (U (t),
The existence and uniqueness of a solution (U (t), P (t)) to (3.24)-(3.28) is shown in the following lemma.
Lemma 3.2. A solution (U (t), P (t)) to (3.24)-(3.28) exists and is unique. Proof. Because we are operating in a finite dimensional space, it suffices to show uniqueness. Uniqueness follows directly from the proof of the previous lemma.
Continuous in time a priori error estimates.
In this section, we prove the convergence of the scheme (3.24)-(3.28) in the L ∞ (L 2 ) norm. We first derive an estimate for the error in the pressure and the velocity, then for the error in the displacement.
Theorem 4.1.
. Then there exists a constant C independent of h such that
where k is associated with the degree of the finite element polynomial.
Proof. For simplification, we denote χ = U − Π h u, ξ = P − P h p, η = u − Π h u, and ζ = p − P h p, where Π h and P h have been defined in section 2.3. These definitions hold throughout the paper. If we subtract Π h u and P h p from (3.9), (3.10), (3.27), and (3.28) we obtain
We then differentiate (4.3) with respect to time to obtain
As ξ ∈ W h , we can set w = ξ in (4.5), which gives
Adding (4.4) and (4.6) gives
ξ) .
If we use the definitions (2.1) and (2.3) of the Π h and P h projections, we obtain
We use the Cauchy-Schwarz inequality to bound the right-hand side of (4.8) so that
, and use the fact that 2ab ≤ a
. Now we can apply Gronwall's inequality and
.
If we take the supremum over all t and use the initial conditions we obtain
We complete the proof by using the approximation properties (2.2) and (2.4) of the projections.
We now derive an estimate of the error in the displacement in the
, and
where k is associated with the degree of the finite element polynomial. Proof. We first obtain the same equations (4.2) and (4.3) that arrive after taking into account the definition of the Π h and the P h projections
If we integrate (4.10) from 0 to t, noting that χ t (0) = 0, we obtain
We set v = χ, φ = t 0 ξ(s) ds, and w = φ. Then (4.12) and (4.11) become
Adding (4.13) and (4.14) gives
Multiplying through by 2 and using the Cauchy-Schwarz inequality gives
(4.15)
We apply Gronwall's inequality to (4.15) and note that φ(0) = 0 and χ(0) = 0 from (3.24). Then
. We take the supremum over all t to get
The final result is obtained by using the approximation properties (2.2) and (2.4).
Explicit method.
In this section, we define further notation, we formulate the fully discrete mixed finite element scheme, and we analyze the stability and the convergence of the discrete method.
Notation and scheme.
Let ∆t > 0 be the time step size and define t i = i∆t with t N = T . For any function φ of time, let φ n denote φ(t n ). We denote φ n+ 1 2 = (φ n + φ n+1 )/2, and we define the following terms for the discrete temporal derivatives:
We easily see that we have
The fully discrete mixed finite element scheme is as follows: find
Stability condition for the discrete problem.
We show that the scheme is stable for the Dirichlet (homogeneous) problem, and in particular show that the temporal iterates are bound by the initial data. We consider (5.5) and (5.6) for the homogeneous case,
As in [7] , we use the "inverse assumption," which states that there exists a constant That is,
is bound by initial data. Proof. If we subtract (5.8) from itself, with n + 1 replaced by n − 1, we get
As (5.7) holds for all v ∈ V h and (5.11) holds for all w ∈ W h , we set v = ∂ t U n and w = P n 2∆t . This gives
If we add (5.12) and (5.13), we obtain
Substituting (5.1) into (5.14) above yields
We now examine (∂ t P n , P n ). We have
We can rewrite P n as
If we use (5.16) and (5.17) in (∂ t P n , P n ), we have
. Thus (5.15) becomes
If we sum (5.18) from n = 1, . . . , N, we get
We recall from (5.11) that
Then, by the Cauchy-Schwarz inequality and (5.9),
Thus the temporal iterates are bound by the initial data and the discrete in time scheme is stable if ∆t < .
Discrete in time a priori error estimates.
We now can derive the estimates for the fully discrete scheme. , then
where k is associated with the degree of the finite element polynomial. Proof. From (3.9)-(3.10) and (5.5)-(5.6), and by the properties of the L 2 and Π h projections, we can write
Summing over time levels and multiplying through by ∆t gives
Using (5.4), we obtain
and thus (5.22) reduces to
where R n is defined as
We now rewrite (5.21) by noting that ξ n+1 = ∂ t φ n+ 1 2 , so that
We choose v = χ 
We expand (5.25) and (5.26) to get 
The terms on the right-hand side are bound using the Cauchy-Schwarz inequality as
. Sum (5.29) over time levels to get
After imposing the initial conditions (5.2) and (5.3) in (5.30) we have
Using the Cauchy-Schwarz inequality and the inverse assumption (5.9) and choosing h and ∆t such that ∆t < , we have that
Thus we have
If we take the supremum on n on the left-hand side we get
The first two terms in the right-hand side of the previous inequality can be bound using the approximation properties and the bound
We bound the last term by
We obtain a bound on r 
. 
Finally, using the approximation result (2.2) and combining all the bounds, we get
which concludes the proof of the discrete estimate.
Remark. The convergence rate in space can be at most quadratic, as ∆t < Ch.
Conclusions.
We have developed a priori error estimates for mixed finite element displacement formulations of the acoustic wave equation. Our scheme maintains the same computational complexity as earlier mixed finite element formulations for second order hyperbolic equations, as we have not introduced any additional unknowns. Our formulations require less regularity on the displacement than standard approaches.
We have shown convergence of the scheme via our continuous-in-time estimates, and we have shown that in the temporally discrete case we expect a quadratic convergence rate.
